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We study the higher-order statistical properties of the Carnot cycle whose working substance consists of
a small, classical system. We show that the ratio between the fluctuations of work and heat is given by an
universal form depending solely on the temperature ratio between the hot and cold heat baths. Moreover, we
show that the Carnot cycle provides the upper bound on this fluctuation ratio for cycles consisting of quasistatic
strokes. These results serve as a guiding principle in the design and optimization of fluctuations in small heat
engines.
Introduction.— Advances in technology so far have enabled
us to downsize heat engines to the single colloidal particle or
macromolecule level [1–7] or even smaller [8–14]. Such mi-
croscopic heat engines, which are under an active research
in recent years, are expected to deepen our understanding
of the thermodynamics for small systems [15–21] and have
broad applications to nanomachines and biological machines
[6, 18, 22, 23].
For conventional macroscopic heat engines, their perfor-
mance is well characterized by efficiency and power, which
are based on the mean values of work and heat. However, for
microscopic heat engines whose working substance consists
of a system with a small number of degrees of freedom, fluc-
tuations in thermodynamic quantities relative to their mean
values are non-negligible [2, 4, 5, 24–31], and thus it is es-
sentially important to characterize their performance not only
by mean values, but also by higher order statistical quanti-
ties such as variance. One strategy to approach this issue
is to identify the efficiency as a random variable [32–42].
However, identifying scenarios to narrow the distribution of
the fluctuating efficiency remains challenging. In the present
work, we take an alternative route by focusing on the qua-
sistatic limit (see also [3]). The quasistatic case is practically
important and relevant to experiments for the microscopic en-
gines: Such engines can effectively reach this limit within a
time scale much shorter than the macroscopic one [30] be-
cause the phase space structure of small systems are generally
simple, and all the processes there are involved with only a
small number of degrees of freedom, so that they are governed
by microscopic time scales.
We approach the above central issue of microscopic heat
engines: By analyzing higher order statistical properties of
the Carnot cycle whose working substance is a small, classical
system, we find that they show an universal behavior similar to
its efficiency depending solely on the temperature ratio Tc/Th
between the hot (Th) and cold (Tc) heat baths. Furthermore,
we show that the ratio between the fluctuations of work and
heat for the Carnot cycle provides an universal upper bound of
this quantity among cycles operating between the temperature
Tc and Th consisting of quasistatic strokes. Our results on the
expression of the above ratio and its bound provide a clear
scenario to design reliable microscopic heat engines.
Working substance.— Let us first discuss the property of the
working substance with which Carnot cycle can be realized.
Since systems with a small number of degrees of freedom do
not necessarily relax into an equilibrium state during adiabatic
processes, the final state of a quasistatic adiabatic stroke does
not follow the canonical distribution in general. In order to
make the cycle reversible, the final state of the quasistatic adi-
abatic strokes and the canonical state for the initial point of
the subsequent quasistatic isothermal stroke should be statis-
tically the same [16, 44].
Suppose the system is initially in thermal equilibrium at
temperature T1 when the external control parameter λ (such
as the position of the piston in a setup of a gas in a cylinder
with a piston) is at λ1, and a quasistatic adiabatic process is
performed by slowly changing λ from λ1 to λ2. After the qua-
sistatic adiabatic process, we make a thermal contact between
the system and a heat bath at some temperature T2. The inter-
nal energy of the initial and the final state of the adiabatic pro-
cess is denoted by E1 and E2, respectively. At the beginning of
the quasistatic adiabatic process, the system is in a microstate
Γ1 in the phase space with energy E1 =Hλ1(Γ1) whose distri-
bution is given by the canonical ensemble for Hλ1 at T1. Dur-
ing the quasistatic adiabatic process, the internal energy of the
system changes in accordance with the adiabatic theorem such
that the phase space volume Iλ (E) enclosed by the iso-energy
surface at E (so-called number of states) is invariant under the
change of λ . Here, Iλ (E)≡
∫
θ (E−Hλ (Γ)) dΓ. A necessary
and sufficient condition in order that the canonical ensemble
for Hλ2 at some temperature T2 is consistent with the final state
of the quasistatic adiabatic process is [44]:
E1/T1 = E2/T2 (1)
up to a constant.
In the present work, we consider working substance in
which such T2 can always be found for any values of λ1, λ2,
and T1. Namely, we take a working substance which allows
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FIG. 1. The temperature versus external control parameter (T -λ ) dia-
gram of the Carnot cycle working with a hot heat bath at temperature
Th and a cold one at Tc.
us to form a Carnot cycle for an arbitrary choice of the bath
temperatures Th and Tc, and arbitrary values λ at the start-
ing points of the quasistatic adiabatic strokes. As a conse-
quence, throughout quasistatic adiabatic processes, the energy
distribution function of the working substance is always given
by the canonical one for some temperature. For example, a
working substance whose number of states is in the form of
Iλ (E) = f (λ )Eα with an arbitrary function f and a real con-
stant α is a special case of the above class of working sub-
stance. Typical examples of small systems such as a single
particle trapped in a harmonic oscillator potential, which is
commonly employed in most of the classical microscopic heat
engine experiments so far [2, 4, 5, 7, 30], and that in a box po-
tential fall into this case.
Higher order statistics of performance of the Carnot
cycle.— Next, we discuss the central moment of work and
heat for the Carnot cycle, and show the universality of the
ratio between them. The nth order central moment 〈(∆X)n〉
of a random variable X is defined as 〈(∆X)n〉 ≡ 〈(X−〈X〉)n〉,
where 〈A〉 is the statistical average of “A”.
The four strokes of the Carnot cycle (Fig. 1) are per-
formed as follows. (0): Initial state.— First, we set the ex-
ternal parameter at λ0 and start with a randomly chosen mi-
crostate from the canonical ensemble for Hλ0 at temperature
Th. (0→ 1): Quasistatic isothermal expansion.— We make
a thermal contact between the engine and the hot heat bath
with temperature Th, then increase the parameter from λ0 to λ1
quasistatically. (1→ 2−): Quasistatic adiabatic expansion.—
We remove the thermal contact between the engine and the
bath, and increase the parameter from λ1 to λ2 quasistatically.
(2+→ 3): Quasistatic isothermal compression.— At point 2+,
we make a thermal contact between the engine and the cold
heat bath with temperature Tc, then decrease the parameter
from λ2 to λ3 quasistatically. (3→ 4−): Quasistatic adiabatic
compression.— We remove the thermal contact between the
engine and the bath, and decrease the parameter from λ3 to λ4
quasistatically. Here, point 4− is equivalent to point 0, and the
parameter returns to the initial value, i.e. λ4 = λ0, to close the
cycle.
In general, work and heat through each stroke, and the inter-
nal energy of the initial and the final states of each stroke are
random variables. However, fluctuation ∆Wisoth of the work
output Wisoth through the quasistatic isothermal process be-
comes negligible if the duration τ of the process is sufficiently
long [3, 16, 45], and it vanishes no slower than ∼ τ−1/2, i.e.
∆Wisoth ≡Wisoth−〈Wisoth〉 = O(τ−1/2). This is because there
is no long-time correlation in the variation of the force exerted
by the working substance [16, 45]. Let us now focus on the
quasistatic isothermal expansion stroke 0→ 1. From the first
law of thermodynamics, work outputW0→1 by the engine, heat
input Qh from the hot heat bath to the working substance, and
the internal energy of the working substance E0 and E1 at the
initial and the final state of the stroke should satisfy
Qh = E1−E0+W0→1 . (2)
Since the fluctuation of W0→1 is negligible (i.e., W0→1 =
〈W0→1〉) while Qh, E0, and E1 are not the case, we get
∆Qh ≡ Qh−〈Qh〉= (E1−〈E1〉)− (E0−〈E0〉) . (3)
Here, 〈Qh〉 is the ensemble average ofQh over possible sample
paths [45], and 〈Ei〉 is the average of Ei over the canonical
ensemble at point i.
Next, we consider the total work output W through the
whole cycle:
W =W0→1+W1→2+W2→3+W3→4 , (4)
where Wi→i+1 is work output through the stroke from point
i to i+ 1. Since the fluctuations of W0→1 and W2→3 by the
quasistatic isothermal strokes are negligible, we obtain
∆W ≡W −〈W 〉= (W1→2−〈W1→2〉)+(W3→4−〈W3→4〉) .
(5)
Here, the strokes 1→ 2− and 3→ 4− are quasistatic adiabatic
processes. Since there is no heat exchange between the work-
ing substance and the heat bath during these strokes, W1→2,
for example, reads
W1→2 = E1−E−2 (6)
with E1 and E−2 being the internal energy of the working sub-
stance at points 1 and 2−, respectively. In addition, for our
working substance, since the initial and the final state of the
quasistatic adiabatic stroke should satisfy the relation (1), we
have E1/Th = E−2 /Tc. From this relation and Eq. (6), we get
W1→2 = [1− (Tc/Th)] E1 . (7)
Similarly, for the stroke 3→ 4−, we get
W3→4 = E3−E−4 = [(Tc/Th)−1] E−4 . (8)
Substituting Eqs. (7) and (8) into Eq. (5), we obtain
∆W = [1− (Tc/Th)]
[
(E1−〈E1〉)− (E−4 −〈E−4 〉)
]
. (9)
Since E0 and E−4 are statistically equivalent random variables,
from Eqs. (3) and (9) we finally get (for an integer n≥ 2)
η(n) ≡ 〈(∆W )
n〉
〈(∆Qh)n〉 =
(
1− Tc
Th
)n
. (10)
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FIG. 2. Four kinds of processes considered [(a) quasistatic isother-
mal, (b) quasistatic adiabatic, (c) isochoric, and (d) quasistatic iso-
baric strokes] on the T -λ plane.
This is one of the main results of this work. It is noted that
the ratio η(n) for the Carnot cycle given by Eq. (10) shows the
universal form which depends only on the ratio Tc/Th.
For the quasistatic isothermal compression stroke 2+→ 3,
heat output Qc from the working substance to the cold heat
bath through this stroke is given by
Qc = E+2 −E3−W2→3 . (11)
Since the fluctuation of W2→3 is negligible, we get
∆Qc ≡ Qc−〈Qc〉= (E+2 −〈E+2 〉)− (E3−〈E3〉) . (12)
The condition (1) for the quasistatic adiabatic strokes 1→ 2−
and 3→ 4− reads E1/Th = E−2 /Tc and E3/Tc = E−4 /Th, re-
spectively. Since E±2 and E3 are independent and the distri-
butions of E−2 and E
+
2 are the same, Eq. (12) with the above
conditions leads to
〈(∆Qc)n〉=(Tc/Th)n 〈[(E1−〈E1〉)− (E0−〈E0〉)]n〉
=(Tc/Th)
n 〈(∆Qh)n〉 . (13)
Because Qh and Qc are independent, the variance 〈∆Q2〉 of
the total heat input Q≡ Qh−Qc can be written as
〈∆Q2〉=〈∆Q2h〉+ 〈∆Q2c〉=
[
1+(Tc/Th)2
]〈∆Q2h〉 . (14)
From Eqs. (10) and (14), we finally obtain
ξ (2) ≡ 〈∆W
2〉
〈∆Q2〉 =
[1− (Tc/Th)]2
1+(Tc/Th)2
. (15)
This is another main result showing that the variance of work
W relative to that of heat Q of the Carnot cycle also has an
universal form depending only on the temperature ratio Tc/Th.
Universal bounds on η(2) and ξ (2).— Finally, we show that
work fluctuations η(2) and ξ (2) relative to heat fluctuation for
the Carnot cycle given by Eqs. (10) and (15) provide the up-
per bound for cycles using the working substance considered
which allows us to form the Carnot cycle [46]. We consider an
arbitrary cycle consisting of any of the quasistatic isothermal,
quasistatic adiabatic, isochoric, or quasistatic isobaric strokes
operating between the temperature Tc and Th [47]. On T -λ
plane, a quasistatic isothermal stroke is shown by a horizontal
line at Th or Tc [Fig. 2(a)], and a quasistatic adiabatic stroke is
by a downward-sloping curve [Fig. 2(b)].
Isobaric processes are ones during which the generalized
pressure P ≡ −〈∂Hλ/∂λ 〉 is constant. Here, change of P
due to the variation of λ should be compensated by that due
to the heat exchange between the working substance and the
heat bath. Thus a quasistatic adiabatic stroke is shown by
an upward-sloping curve on the T -λ plane [Fig. 2(d)]. To
perform quasistatic isobaric processes, we introduce “quasi-
adiabatic wall”, which is made of an imperfect heat insula-
tor. When we make a thermal contact between the working
substance and the heat bath, heat conduction between them
and thermalization in the working substance occur simultane-
ously. By surrounding the working substance by the quasi-
adiabatic wall and making a thermal contact with a heat bath
through this wall, we can make the time scale of heat con-
duction much larger than that of thermalization. In this situa-
tion, the working substance is always in thermal equilibrium
while there is continuous heat exchange between the working
substance and the heat bath until the temperature of the for-
mer reaches that of the latter. Then, quasistatic isobaric pro-
cesses can be performed by changing λ with keeping P con-
stant, which is given by the canonical average of −∂Hλ/∂λ
for instantaneous values of the parameter λ and the tempera-
ture T of the working substance. For example, for a working
substance with Iλ (E) = f (λ )Eα , the generalized pressure is
given by P = kBT f (λ )−1∂λ f (λ ), where kB is the Boltzmann
constant, and the instantaneous values of λ and T are related
to keep P fixed at the initial value.
Isochoric processes are ones during which λ is fixed and
heat exchange between the working substance and the heat
bath is performed. On the T -λ plane, an isochoric stroke with
the hot (cold) heat bath is shown by an upward (downward)
vertical line [Fig. 2(c)]. If we make a direct thermal contact
between the working substance and the heat bath, the final
state of the isochoric process is a canonical state at the tem-
perature of the bath; however, if we make a thermal contact
through the quasi-adiabatic wall, the temperature of the final
canonical state can be any value between the initial state and
the temperature of the bath.
Now we consider fluctuations of work output and heat input
through the above four kinds of processes. Suppose the initial
and the final points of the stroke are points i and i+ 1, and
the variances of work output and heat input through the stroke
i→ i+ 1 are denoted by 〈∆W 2i→i+1〉 and 〈∆Q2i→i+1〉, respec-
tively. Regarding the heat exchanging strokes (i.e., quasistatic
isothermal, isochoric, and isobaric strokes), since the internal
energies Ei and Ei+1 at their end points i and i+1 are indepen-
dent, heat fluctuation of these strokes is given by 〈∆Q2i→i+1〉=
〈∆E2i+1〉+ 〈∆E2i 〉. For quasistatic adiabatic strokes, since
Wi→i+1 = [1 − (Ti+1/Ti)]Ei = [(Ti/Ti+1) − 1]Ei+1 obtained
in the same way as Eqs. (7) and (8), work fluctuation is
given by 〈∆W 2i→i+1〉 = [1− (Ti+1/Ti)]2〈∆E2i 〉 = [(Ti/Ti+1)−
4TABLE I. Work fluctuation 〈∆W 2i→i+1〉 and heat fluctuation
〈∆Q2i→i+1〉 for various thermodynamic processes from point i to i+1.
〈∆E2i 〉 is the variance of the internal energy Ei of the working sub-
stance for the canonical distribution at point i.
Process 〈∆W 2i→i+1〉 〈∆Q2i→i+1〉
(1) Isothermal 0 〈∆E2i 〉+ 〈∆E2i+1〉
(2) Adiabatic
[1− (Ti+1/Ti)]2 〈∆E2i 〉
= [(Ti/Ti+1)−1]2 〈∆E2i+1〉
0
(3) Isochoric 0 〈∆E2i 〉+ 〈∆E2i+1〉
(4) Isobaric 0 〈∆E2i 〉+ 〈∆E2i+1〉
1]2〈∆E2i+1〉. The results of 〈∆W 2i→i+1〉 and 〈∆Q2i→i+1〉 for each
kind of processes are summarized in Table I.
Suppose we have an arbitrary cycle consisting of the above
four kinds of processes operating between the bath tempera-
tures Tc and Th. We choose the starting point such that the
final stroke is an adiabatic one [49]; for cycles with no adi-
abatic strokes, trivially 〈∆W 2〉 = 0 and thus ξ (2) = η(2) = 0.
Among all the N nodes of the cycle k = 0,1,2, · · · ,N with
points 0 and N being identical, we consider their subsets of
the both ends of quasistatic adiabatic expansion and com-
pression strokes. For the ith adiabatic expansion (compres-
sion) stroke, the initial and the final points are denoted by Ji
and Ji+ 1 (Ki and Ki+ 1), and the energy and the tempera-
ture of these points satisfy the condition (1) reading EJi+1 =
(TJi+1/TJi)EJi [EKi = (TKi/TKi+1)EKi+1]. Since only the adi-
abatic strokes yield work fluctuation, fluctuation of total work
output through the cycle is given by
〈∆W 2〉=∑
i
[1− (TJi+1/TJi)]2 〈∆E2Ji〉
+∑
j
[
1− (TK j/TK j+1)
]2 〈∆E2K j+1〉 . (16)
Regarding the fluctuation 〈∆Q2〉 of total heat input, the end
points of adiabatic strokes must be connected to the other
kinds of strokes, which have heat fluctuation. On the other
hand, if there are heat exchanging strokes (those other than
quasistatic adiabatic stroke) consecutively, the node connect-
ing them does not contribute to 〈∆Q2〉 because the internal
energies at the final point of the preceding stroke and at the
initial point of the following one cancel with each other. Thus,
〈∆Q2〉=∑
i
(〈∆E2Ji〉+ 〈∆E2Ji+1〉)+∑
j
(〈∆E2K j〉+ 〈∆E2K j+1〉)
=∑
i
[
1+(TJi+1/TJi)
2]〈∆E2Ji〉
+∑
j
[
1+(TK j/TK j+1)
2]〈∆E2K j+1〉 . (17)
Since the temperatures TJi and TJi+1 (TK j and TK j+1) are in the
region of [Tc,Th] and TJi ≥ TJi+1 (TK j+1 ≥ TK j ), from Eqs. (16)
and (17) we obtain [45]
〈∆W 2〉 ≤ [1− (Tc/Th)]2
(
∑
i
〈∆E2Ji〉+∑
j
〈∆E2K j+1〉
)
, (18)
〈∆Q2〉 ≥ [1+(Tc/Th)2] (∑
i
〈∆E2Ji〉+∑
j
〈∆E2K j+1〉
)
. (19)
Thus we finally get
ξ (2) ≤ ξ (2)C , (20)
where ξ (2)C ≡ [1− (Tc/Th)]2/[1+(Tc/Th)2] is for the Carnot
cycle given by Eq. (15). Since a sum of the fluctuations of heat
inputs for each stroke trivially satisfies ∑N−1i=0 〈∆Q2i→i+1〉 ≥
〈∆Q2〉, another ratio ξ˜ (2) ≡ 〈∆W 2〉/∑N−1i=0 〈∆Q2i→i+1〉 defined
with this quantity is also bounded by ξC: ξ˜ (2) ≤ ξ (2) ≤ ξ (2)C .
Note that ξ˜ (2) = ξ (2) for the Carnot cycle.
Regarding η(2), the one η(2)C for the Carnot cycle gives
the maximum value among any cycle all of whose quasistatic
adiabatic expansion (compression) strokes are preceded (fol-
lowed) by a stroke with the hot bath [48]. Most of the typical
cycles such as the Otto, Brayton, Stirling, Ericsson cycles, etc.
satisfy this condition. In such cycles, the energy fluctuation at
the initial point Ji (final point K j+1) of all the quasistatic adi-
abatic expansion (compression) strokes contribute to 〈∆Q2h〉.
Thus,
〈∆Q2h〉 ≥∑
i
〈∆E2Ji〉+∑
j
〈∆E2K j+1〉 . (21)
From Eqs. (18) and (21), we get
η(2) ≤ η(2)C , (22)
with η(2)C ≡ [1−(Tc/Th)]2 given by Eq. (10) for n= 2. For the
Stirling and Ericsson cycles, 〈∆W 2〉 = 0 and thus η(2) = 0.
For the Otto and the Brayton cycles, taking the working sub-
stance with Iλ (E) = f (λ )Eα as an example, we get η(2) =
[1−(T2/T1)]2, where T1 and T2 are the initial and the final tem-
peratures of the quasistatic adiabatic expansion stroke. Since
1≥ T2/T1 ≥ Tc/Th, this η(2) indeed satisfies η(2) ≤ η(2)C .
Discussion.— Higher order statistical characterization of
performance beyond by the mean values is a key issue for
microscopic heat engines. Our work determines higher or-
der statistical properties of the Carnot cycle: We have derived
the arbitrary order of the central moment of work and heat,
and have shown that the ratio between them has universal re-
lations (10) and (15). We have also shown that the Carnot cy-
cle provides the universal upper bound for the ratio between
the fluctuations of work and heat [Eqs. (22) and (20)]. This
bound might hold even for a wider class of heat engines than
the considered in the present work since the relation similar to
Eq. (10) also holds for steady-state heat engines with nonzero
power output [50].
Our results provide a new guiding principle in the design of
reliable and energy-efficient microscopic heat engines, which
5is an important problem for various topics relevant to thermo-
dynamics of small systems [6, 22, 23]. The relations (10) and
(22) indicate that, to reduce the fluctuation of the total work
output 〈∆W 2〉1/2 ≤ ηC 〈∆Q2h〉1/2 with ηC ≡ 1− (Tc/Th) being
the Carnot efficiency, what is needed is to reduce the fluctu-
ation of heat 〈∆Q2h〉 in the heat exchanging stroke(s) with the
hot heat bath. For a working substance with the number of
states Iλ (E) = f (λ )Eα as an example, this can be achieved,
e.g., by using a trap potential giving a smaller value of α: for
example, using a box potential (α = 1/2) instead of a har-
monic oscillator one (α = 1). Since the mean value of the
heat input Qh through the quasistatic isothermal stroke de-
pends only on the temperature T and λ while its fluctuation
depends only on T and α [45], we can reduce 〈∆W 2〉 without
changing the average of the total work output and efficiency.
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1Supplemental Material
Fluctuations of work and heat in the quasistatic isothermal process
It has been discussed that the fluctuation of work output throughout the quasistatic isothermal process vanishes as ∼ o(τ−1/2)
for long duration τ of the process [S1–S3]. Namely, in the limit of large τ , each sample path gives the same value of the work
for a given protocol in the quasistatic isothermal process. This is because there is no long-time correlation in the variation of the
force exerted by the working substance: this force varies due to thermal fluctuation caused by the contact with a heat bath, and
thus the variation does not have a long-time correlation. In the following, we shall show this vanishing the fluctuation using the
path integral representation.
Let us consider a trajectory γ in the phase space between the initial time tinit and the final time tfin under the driving of the
external control parameter λ (t) (whose initial and the final values are λinit and λfin, respectively). The work output W from the
system along this trajectory is given by
W [γ]≡−
∫ tfin
tinit
dt
dλ
dt
∂Hλ [γ]
∂λ
. (S1)
The first and the second moments of the work averaged over sample paths are
〈W 〉=
∫
DΓP[γ]W [γ] , (S2)
〈W 2〉=
∫
DΓP[γ] (W [γ])2 , (S3)
whereP[γ] is the probability (density) of the trajectory γ , and
∫
DΓ denotes the functional integral with respect to the trajecto-
ries.
We set the duration of the process as τ ≡ tfin− tinit =Mτunit with M being an integer and τunit being a sufficiently long time so
that the variation of the parameter λ is slow enough. (As a prerequisite, τunit is taken to be much larger than the correlation time
τcorr of the thermal fluctuation of the force.) Then we shall see the variance 〈∆W 2〉 of work W vanishes for large M. To evaluate
the right-hand side of Eqs. (S2) and (S3), we discretize the time τunit into a sufficiently large number of N+1 points, {t0 ≡ tinit,
t1, t2, · · · , tN ≡ tinit + τunit}, by the time step ∆t ≡ tn+1− tn = τunit/N, which is taken to be much larger than the correlation
time τcorr so that the force exerted by the working substance at different time slices tn is uncorrelated. Therefore, the probability
densityP[γ] of the trajectory can be written as a product of the phase space distribution function Pλn(Γn; tn) at each time slice
tn. The phase space point and the external parameter at time tn (0≤ n≤MN) are denoted by Γn ≡ (qn, pn) and λn, respectively.
Here, q and p represent the D generalized coordinates and momenta, respectively, in the 2D-dimensional phase space for the
system with D degrees of freedom. Then DΓ reduces to DΓ→ ∏MNn=0 dΓn, where dΓn ≡ Cdqn dpn is the phase space volume
element at time tn including the numerical factor C coming from the phase space volume of a microstate.
Thus, the average of work 〈W 〉 given by Eq. (S2) reads
〈W 〉 '
∫ MN
∏
n=0
dΓn Pλn(Γn; tn)
[
−
MN−1
∑
m=0
∆λm/M
M
∂Hλm(Γm)
∂λ
]
=−
MN−1
∑
m=0
∆λm/M
M
∫
dΓm Pλm(Γm; tm)
∂Hλm(Γm)
∂λ
, (S4)
where ∆λi with 0 ≤ i ≤ N sets the protocol of the parameter change in the case of τ = τunit with M = 1: ∆λi ≡ λi+1− λi if
i= m/M is an integer; otherwise, ∆λm/M is between ∆λ[m/M] and ∆λ[m/M]+1, where [m/M] is the integer part of m/M. Note that
the factor of 1/M appears because the speed of the parameter change is slowed down by increasing the total duration τ of the
process by a factor of M. Similarly, the second moment (S3) becomes
〈W 2〉 '
∫ MN
∏
n=0
dΓn Pλn(Γn; tn)
[
−
MN−1
∑
m=0
∆λm/M
M
∂Hλm(Γm)
∂λ
]2
=
[
MN−1
∑
m=0
∆λm/M
M
∫
dΓm Pλm(Γm; tm)
∂Hλm(Γm)
∂λ
]2
−
MN−1
∑
m=0
(∆λm/M
M
)2 [∫
dΓm Pλm(Γm; tm)
∂Hλm(Γm)
∂λ
]2
+
MN−1
∑
m=0
(∆λm/M
M
)2 ∫
dΓm Pλm(Γm; tm)
[
∂Hλm(Γm)
∂λ
]2
. (S5)
2Here, the second and the third terms of the right-hand side scales as ∼ 1/M since the summation ∑MN−1m=0 yields a contribution of
a factor of M, which is multiplied by the factor of 1/M2.
From Eqs. (S4) and (S5), we readily see that the variance of work 〈∆W 2〉 in the quasistatic isothermal process is given by the
second and the third terms of Eq. (S5) both of which scale as ∼ 1/M and have an opposite sign with each other. Therefore, the
variance 〈∆W 2〉 vanishes as ∼ τ−1 or faster:
〈∆W 2〉 ≡ 〈W 2〉−〈W 〉2 = O(τ−1) , (S6)
or the fluctuation ∆W vanishes as
√
〈∆W 2〉= O(τ−1/2). As a consequence, fluctuation of W through the quasistatic isothermal
process becomes negligible provided the duration τ of the process is sufficiently long, and 〈∆W 2〉 → 0 in the limit of τ → ∞.
Next, we shall also discuss the fluctuation of heat during the quasistatic isothermal process. From the first law of thermody-
namics for an individual trajectory, the heat absorbed by the system along the trajectory γ is given by
Q[γ]≡ Hλfin(Γfin)−Hλinit(Γinit)+W [γ] , (S7)
where Γinit and Γfin are the initial and the final phase space points of the trajectory γ . The first and the second moments of the
heat averaged over sample paths are
〈Q〉=
∫
DΓP[γ]Q[γ] , (S8)
〈Q2〉=
∫
DΓP[γ] (Q[γ])2 . (S9)
The average of heat (S8) can be written as
〈Q〉= 〈Hλfin〉λfin, tfin −〈Hλinit〉λinit, tinit + 〈W 〉 , (S10)
where 〈W 〉 is given by Eq. (S4), and 〈A〉λ , t ≡
∫
dΓ Pλ (Γ; t)A(Γ) is the average of “A” at time t.
Similarly, the second moment (S9) reads
〈Q2〉=〈H2λfin〉λfin, tfin −2〈Hλfin〉λfin, tfin〈Hλinit〉λinit, tinit + 〈H2λinit〉λinit, tinit + 〈W 2〉
−2
∫
DΓP[γ]
[
Hλfin(Γfin)−Hλinit(Γinit)
] ∫ λfin
λinit
dt
dλ
dt
∂Hλ [γ]
∂λ
. (S11)
Here, the fifth term in the right-hand side can be written as
∫
DΓP[γ]
[
Hλfin(Γfin)−Hλinit(Γinit)
] ∫ λfin
λinit
dt
dλ
dt
∂Hλ [γ]
∂λ
'
∫ MN
∏
n=0
dΓn Pλn(Γn; tn)
[
Hλfin(Γfin)−Hλinit(Γinit)
] MN−1
∑
m=0
∆λm/M
M
∂Hλm(Γm)
∂λ
=
(〈Hλfin〉λfin, tfin −〈Hλinit〉λinit, tinit)MN−1∑
m=0
∆λm/M
M
∫
dΓm Pλm(Γm; tm)
∂Hλm(Γm)
∂λ
− ∆λ0
M
(〈Hλfin〉λfin, tfin −〈Hλinit〉λinit, tinit)∫ dΓinit Pλinit(Γinit; tinit) ∂Hλinit(Γinit)∂λ
− ∆λ0
M
∫
dΓinit Pλinit(Γinit; tinit)
∂Hλinit(Γinit)
∂λ
=− (〈Hλfin〉λfin, tfin −〈Hλinit〉λinit, tinit)〈W 〉
− ∆λ0
M
(〈Hλfin〉λfin, tfin −〈Hλinit〉λinit, tinit)∫ dΓinit Pλinit(Γinit; tinit) ∂Hλinit(Γinit)∂λ
− ∆λ0
M
∫
dΓinit Pλinit(Γinit; tinit)
∂Hλinit(Γinit)
∂λ
. (S12)
Note that, for the variance 〈∆Q2〉 ≡ 〈Q2〉−〈Q〉2 of heat Q, the contribution from the first term in the right-hand side of Eq. (S12)
cancels and only those from the second and the third terms remain, which scale as ∼ 1/M. Therefore, from Eqs. (S10), (S11),
3and (S12), the variance of heat in the quasistatic isothermal process reads
〈∆Q2〉=
[
〈H2λfin〉λfin, tfin −
(〈Hλfin〉λfin, tfin)2]+[〈H2λinit〉λinit, tinit − (〈Hλinit〉λinit, tinit)2] + 〈∆W 2〉
+2
∆λ0
M
(〈Hλfin〉λfin, tfin −〈Hλinit〉λinit, tinit)∫ dΓinit Pλinit(Γinit; tinit) ∂Hλinit(Γinit)∂λ
+2
∆λ0
M
∫
dΓinit Pλinit(Γinit; tinit)
∂Hλinit(Γinit)
∂λ
=〈∆H2λfin〉λfin, tfin + 〈∆H2λinit〉λinit, tinit +O(τ−1) , (S13)
with 〈∆H2λ 〉λ , t ≡ 〈H2λ 〉λ , t − (〈Hλ 〉λ , t)2. Thus, 〈∆Q2〉 → 〈∆H2λfin〉λfin, tfin + 〈∆H2λinit〉λinit, tinit in the limit of τ → ∞.
Derivation of Eqs. (18) and (19)
Here we show the detailed derivation of Eqs. (18) and (19) in the main text. Since the temperatures TJi and TJi+1 (TK j and
TK j+1) are in the region of [Tc,Th] and TJi ≥ TJi+1 (TK j+1 ≥ TK j ), we get 1≥ TJi+1/TJi ≥ Tc/TJi ≥ Tc/Th (1≥ TK j/TK j+1 ≥ Tc/Th).
Therefore,
[1− (TJi+1/TJi)]2, [1− (TK j/TK j+1)]2 ≤ [1− (Tc/Th)]2 , (S14)
and
1+(TJi+1/TJi)
2, 1+(TK j/TK j+1)
2 ≥ 1+(Tc/Th)2 . (S15)
Applying these relations to Eqs. (16) and (17) in the main text:
〈∆W 2〉=∑
i
[1− (TJi+1/TJi)]2 〈∆E2Ji〉+∑
j
[
1− (TK j/TK j+1)
]2 〈∆E2K j+1〉 , (S16)
〈∆Q2〉=∑
i
[
1+(TJi+1/TJi)
2]〈∆E2Ji〉+∑
j
[
1+(TK j/TK j+1)
2]〈∆E2K j+1〉 , (S17)
we finally obtain Eqs. (18) and (19) in the main text:
〈∆W 2〉 ≤ [1− (Tc/Th)]2
(
∑
i
〈∆E2Ji〉+∑
j
〈∆E2K j+1〉
)
, (S18)
〈∆Q2〉 ≥[1+(Tc/Th)2] (∑
i
〈∆E2Ji〉+∑
j
〈∆E2K j+1〉
)
. (S19)
Another example giving η(2)C and ξ
(2)
C
In the main text, we have shown that the Carnot cycle gives upper bounds η(2)C and ξ
(2)
C for η
(2) ≡ 〈∆W 2〉/〈∆Q2h〉 and ξ (2) ≡
〈∆W 2〉/〈∆Q2〉, respectively. However, the Carnot cycle is not the unique case which gives these bounds. Here we provide an
example whose η(2) and ξ (2) are the same as those for the Carnot cycle.
The example on the temperature versus external parameter (T -λ ) plane is shown in Fig. S1. As can be seen from this figure,
this cycle can be regarded as a combination of two Carnot cycles. At point 0, we set the external parameter at λ0 and take a
randomly chosen microstate from the canonical ensemble for Hλ0 at temperature Th. Starting with this initial state, we perform
the following eight strokes in numerical order of the points: two quasistatic isothermal strokes at Th [(0→ 1) and (4+→ 5)],
those at Tc [(2+→ 3) and (6+→ 7)], two quasistatic adiabatic expansion strokes [(1→ 2−) and (5→ 6−)], and two quasistatic
adiabatic compression strokes [(3→ 4−) and (7→ 8−)]. The final point 8− is equivalent to the initial point 0, and the cycle is
closed. Here, the superscripts “−” and “+” respectively represent just before or after making a thermal contact with a heat bath
when finishing the quasistatic adiabatic stroke.
Heat input Qh from the hot heat bath throughout this cycle is given by
Qh = Q0→1+Q4→5 , (S20)
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FIG. S1. An example of a cycle whose η(2) and ξ (2) is the same as those of the Carnot cycle. The temperature versus external control
parameter (T -λ ) diagram of this cycle working with a hot heat bath at temperature Th and a cold one at Tc.
where Q0→1 and Q4→5 are heat input through the quasistatic isothermal strokes (0→ 1) and (4+ → 5) at temperature Th,
respectively:
Q0→1 = E1−E0+W0→1 , (S21)
Q4→5 = E5−E+4 +W4→5 . (S22)
Here, Ei represents the internal energy of the working substance at point i, and W0→1 and W4→5 are work output through the
strokes (0→ 1) and (4+→ 5), respectively. Since the fluctuations of W0→1 and W4→5 are negligible, we get
∆Qh ≡ Qh−〈Qh〉
= (∆E1−∆E0)+(∆E5−∆E+4 ) . (S23)
with ∆Ei ≡ Ei−〈Ei〉.
Similarly, heat output Qc to the cold heat bath throughout the cycle is
Qc =−(Q2→3+Q6→7) , (S24)
where Q2→3 and Q6→7 are heat input through the quasistatic isothermal strokes (2+→ 3) and (6+→ 7) at Tc, respectively:
Q2→3 = E3−E+2 +W2→3 , (S25)
Q6→7 = E7−E+6 +W6→7 . (S26)
Since the fluctuations of W2→3 and W6→7 are negligible, we get
∆Qc ≡ Qc−〈Qc〉=−
[
(∆E3−∆E+2 )+(∆E7−∆E+6 )
]
. (S27)
Thus the variance 〈∆Q2c〉 of Qc can be written as
〈∆Q2c〉= 〈
[
(∆E3−∆E+2 )+(∆E7−∆E+6 )
]2〉
= 〈[(∆E3−∆E−2 )+(∆E7−∆E−6 )]2〉
=
(
Tc
Th
)2
〈[(∆E−4 −∆E1)+(∆E−8 −∆E5)]2〉
=
(
Tc
Th
)2
〈[(∆E+4 −∆E1)+(∆E0−∆E5)]2〉
=
(
Tc
Th
)2
〈∆Q2h〉 . (S28)
5From the first to the second line, we have used the facts that E±2 , E3, E
±
6 , and E7 are independent, and the distributions of E
+
i
and E−i (i = 2 and 6) are the same, which allows us to replace ∆E
+
i by ∆E
−
i inside 〈· · · 〉. From the second to the third line, we
have used the relation given by Eq. (1) of the main text for the quasistatic adiabatic strokes (1→ 2−), (3→ 4−), (5→ 6−), and
(7→ 8−) reading E−2 = (Tc/Th)E1, E3 = (Tc/Th)E−4 , E−6 = (Tc/Th)E5, and E7 = (Tc/Th)E−8 , respectively. Then, from the third
to the fourth line, we have used the facts that E1, E±4 , E5, and E
−
8 are independent, E
−
8 and E0 are equivalent random variables,
and the distributions of E+4 and E
−
4 are the same.
From Eq. (S28) and the fact that Qh and Qc are independent, the variance 〈∆Q2〉 of the total heat input Q ≡ Qh−Qc can be
written as
〈∆Q2〉= 〈∆Q2h〉+ 〈∆Q2c〉=
[
1+
(
Tc
Th
)2]
〈∆Q2h〉 . (S29)
Next, we consider the total work output W through the whole cycle:
W =W0→1+W1→2+W2→3+W3→4+W4→5+W5→6+W6→7+W7→8 . (S30)
Since the fluctuations of the work outputsW0→1,W2→3,W4→5, andW6→7 through the quasistatic isothermal strokes are negligible,
we obtain
∆W ≡W −〈W 〉= ∆W1→2+∆W3→4+∆W5→6+∆W7→8 . (S31)
Here, work through an adiabatic stroke is given by the difference between the internal energies of the initial and the final states
of the stroke, which satisfy the relation (1) in the main text. For example, regarding the stroke 1→ 2−, the work output W1→2
through this stroke can be written as
W1→2 = E1−E−2 =
(
1− Tc
Th
)
E1 , (S32)
and thus
∆W1→2 =
(
1− Tc
Th
)
∆E1 . (S33)
Similarly, for the other quasistatic adiabatic strokes, we get ∆W3→4 = [(Tc/Th)−1]∆E−4 , ∆W5→6[1−(Tc/Th)]∆E5, and ∆W7→8 =
[(Tc/Th)−1]∆E−8 . Substituting them into Eq. (S31), we obtain
∆W =
(
1− Tc
Th
)[
(∆E1−∆E−8 )+(∆E5−∆E−4 )
]
. (S34)
Since E1, E−4 , E5, and E
−
8 are independent, E
−
8 and E0 are equivalent random variables, and the distributions of E
+
4 and E
−
4 are
the same, we get
〈∆W 2〉=
(
1− Tc
Th
)2
〈[(∆E1−∆E−8 )+(∆E5−∆E−4 )]2〉
=
(
1− Tc
Th
)2
〈∆Q2h〉 . (S35)
From Eqs. (S29) and (S35), we finally obtain
η(2) ≡ 〈∆W
2〉
〈∆Q2h〉
=
(
1− Tc
Th
)2
, (S36)
ξ (2) ≡ 〈∆W
2〉
〈∆Q2〉 =
[1− (Tc/Th)]2
1+(Tc/Th)2
, (S37)
which are the same as those for the Carnot cycle η(2)C and ξ
(2)
C , respectively.
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FIG. S2. An example of a cycle on the T -λ plane whose η(2) can be larger than that of the Carnot cycle η(2)C . In this cycle, a quasistatic
adiabatic compression stroke 1→ 2− is followed by a cold isochoric stroke 2+→ 3 instead of a hot one.
An example giving η(2) > η(2)C
The relation η(2) ≤ η(2)C holds provided all the quasistatic adiabatic expansion strokes are preceded by a stroke with a hot bath
and all the quasistatic adiabatic compression strokes are followed by a stroke with a hot bath. However, if it is not the case, this
relation is not guaranteed. Here we provide such an example.
Figure S2 shows the T -λ diagram of the cycle which we shall consider. At point 0, we set the external parameter at λ0 and take
a randomly chosen microstate from the canonical ensemble for Hλ0 at temperature Tc. Starting with this initial state, we perform
the following six strokes. (0→ 1): Quasistatic isothermal compression at Tc. (1→ 2−): Quasistatic adiabatic compression.
(2+→ 3): Cold isochore. (3→ 4): Quasistatic isothermal compression at Tc. (4→ 5): Hot isochore. (5→ 6−): Quasistatic
adiabatic expansion. The final point 6− is equivalent to the initial point 0, and the cycle is closed.
We take working substance whose number of states is in the form of
Iλ (E)≡
∫
dΓ θ (E−Hλ (Γ)) = f (λ )Eα , (S38)
with an arbitrary function f and a real constant α . In this case, the density of state gλ (E) reads
gλ (E)≡
∂ Iλ (E)
∂E
=
∫
dΓ δ (E−Hλ (Γ)) = α f (λ )Eα−1 . (S39)
Then, the canonical distribution Peqβ ,λ at the inverse temperature β ≡ 1/kBT and the external parameter λ is
Peqβ ,λ (E) =
gλ (E)
Zβ ,λ
e−βE =
βα Eα−1
Γ(α)
e−βE , (S40)
with Zβ ,λ being the partition function given by
Zβ ,λ =
∫ ∞
0
dE gλ (E)e
−βE = α Γ(α) f (λ )β−α , (S41)
where Γ(α)≡ ∫ ∞0 dxxα−1e−x is the gamma function.
For the canonical distribution given by Eq. (S40), the average of the internal energy Ei and of its square E2i at point i with
temperature Ti and parameter λi can be calculated as
〈Ei〉=
∫ ∞
0
dE E Peqβi,λi(E) = kBTiα , (S42)
〈E2i 〉=
∫ ∞
0
dE E2Peqβi,λi(E) = (kBTi)
2 (α+1)α . (S43)
Therefore, the variance 〈∆E2i 〉 of Ei reads
〈∆E2i 〉= 〈E2i 〉−〈Ei〉2 = (kBTi)2α . (S44)
7Heat input Qh from the hot heat bath is done only in the stroke 4→ 5 throughout the cycle: Qh=Q4→5 and ∆Qh≡Qh−〈Qh〉=
∆Q4→5. Therefore, according to Table I in the main text and Eq. (S44), the variance of Qh can be written as
〈∆Q2h〉= 〈∆Q24→5〉= 〈∆E24 〉+ 〈∆E25 〉= k2B(T 2c +T 2h )α . (S45)
Next, work output W through the whole cycle is given by
W =W0→1+W1→2+W2→3+W3→4+W4→5+W5→6 =W0→1+W1→2+W3→4+W5→6 (S46)
because no work is done in the isochoric strokes: W2→3 =W4→5 = 0. In addition, since the fluctuations of work outputs W0→1
and W3→4 through the quasistatic isothermal strokes are negligible, we get
∆W ≡W −〈W 〉= ∆W1→2+∆W5→6 . (S47)
Using Eq. (S44) and the expression of the work fluctuation through a quasistatic adiabatic stroke given in Table I of the main
text, we get 〈∆W 21→2〉= k2B(Tc−T2)2α and 〈∆W 25→6〉= k2B(Th−Tc)α . Since W1→2 and W5→6 are independent random variables,
the variance 〈∆W 2〉 of W reads
〈∆W 2〉= 〈∆W 21→2〉+ 〈∆W 25→6〉= k2B(Tc−T2)2α+ k2B(Th−Tc)2α . (S48)
From Eqs. (S45) and (S48), we finally obtain
η(2) ≡ 〈∆W
2〉
〈∆Q2h〉
=
(Th−Tc)2+(T2−Tc)2
T 2c +T 2h
. (S49)
This η(2) is apparently an increasing function of T2, and it becomes η(2) > η
(2)
C when
T2 > Tc
(
2− Tc
Th
)
≡ T∗ . (S50)
Note that T∗ is always smaller than Th provided Tc/Th < 1.
Average and fluctuation of heat input through a quasistatic isothermal stroke for a working substance with Iλ (E) = f (λ )Eα
Here we derive the average and the fluctuation of heat input Qisoth in the quasistatic isothermal processes for a working
substance with the number of states Iλ (E) = f (λ )Eα . Here, f is a function of the external parameter λ , and α is a real constant,
which are fixed for each setup of the system. Namely, the form of f and the value of α are determined by, e.g., the shape of the
trapping potential. For example, f (d) =
√
8md and α = 1/2 for a particle (mass m) in a 1-dimensional box potential with width
d, and f (ω−1) = 2piω−1 and α = 1 for a particle in a 1-dimensional harmonic oscillator potential with frequency ω .
Suppose the initial and the final nodes of the quasistatic isothermal stroke are denoted by points 1 and 2, the parameter λ
at points 1 and 2 are denoted by λ1 and λ2 respectively, the temperature of the working substance is constant at T , and the
inverse temperature is denoted by β ≡ 1/kBT . For the working substance considered, the average of the internal energy Ei of the
working substance in an equilibrium state at point i in general is given by Eq. (S42): 〈Ei〉= kBTiα with Ti being the temperature
at point i. Therefore, for quasistatic isothermal strokes, the change in the average of the internal energy through the stroke is
zero:
〈E2〉−〈E1〉= 0 . (S51)
Thus, from the first law of thermodynamics, the average of the heat input Qisoth is equal to the average of the work output Wisoth
through the quasistatic isothermal stroke:
〈Qisoth〉= 〈Wisoth〉 . (S52)
For quasistatic isothermal processes, the work output given by Eqs. (S1) and (S2) reads
〈Wisoth〉=−
∫ λ2
λ1
dλ
∫
dΓ
∂Hλ
∂λ
Peqβ ,λ (Γ)
=
∫ λ2
λ1
dλ
∫
dΓ
1
Zβ ,λ
1
β
∂e−βHλ (Γ)
∂λ
=
∫ λ2
λ1
dλ
1
Zβ ,λ
1
β
∂Zβ ,λ
∂λ
= kBT ln
f (λ2)
f (λ1)
, (S53)
8where
Peqβ ,λ (Γ)≡
e−βHλ (Γ)
Zβ ,λ
(S54)
is the canonical distribution with respect to the phase space point Γ, Zβ ,λ is the partition function given by Eq. (S41), and gλ (E)
is the density of states given by Eq. (S39). From Eqs. (S52) and (S53), we finally get
〈Qisoth〉= kBT ln f (λ2)f (λ1) . (S55)
The same result can also be obtained from the change in the entropy,
〈Si〉 ≡ −kB
∫
dΓ Peqβ ,λi(Γ) lnP
eq
β ,λi
(Γ) = kB(α+ lnZβ ,λ ) , (S56)
between the initial and the final states of the stroke:
〈Qisoth〉= T (〈S2〉−〈S1〉) . (S57)
Next, we derive the variance 〈∆Q2isoth〉 of heat input through the quasistatic isothermal stroke for the working substance
considered. According to Table I in the main text, 〈∆Q2isoth〉 is given by a sum of the variances of the internal energy at the initial
and the final states of the stroke. From Eq. (S44) with T ≡ T1 = T2, we obtain
〈∆Q2isoth〉= 〈∆E21 〉+ 〈∆E22 〉= 2(kBT )2α . (S58)
From Eqs. (S55) and (S58), we can see that the mean value 〈Qisoth〉 of the heat input Qisoth through the quasistatic isothermal
stroke depends only on T and λ while its variance 〈∆Q2isoth〉 depends only on T and α .
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